Abstract. We extend the Palais-Smale condition to the cases of C 1 -functionals on Fréchet spaces and Fréchet-Finsler manifolds of class C 1 . In these contexts we use the introduced conditions along with Ekeland's variational principle to obtain some customary results concerning the existence of minima.
Introduction
The Palais-Smale condition is an essential tool for critical point theory in infinite dimensional spaces. Since it was established by Palais and Smale [8] , a number of its generalizations for various categories of maps have been introduced (cf. [6] for a survey). The Palais-Smale type conditions have been applied to numerous problems in critical points theory and its applications to various problems in differential equations, geometry and physics (see [6] ).
In this paper we generalize the Palais-Smale condition to the cases of C 1 -functionals on Fréchet spaces and Fréchet-Finsler manifolds of class C 1 . It is instantly noticed that due to the weak structural constraints of Fréchet spaces, applications of the conditions are too restrictive. It is well known that some of the basic tools for locating critical points of C 1 -functionals are the deformation lemmas. The deformations that appear in the deformation lemmas are obtained as solutions of Cauchy problems. But on Fréchet spaces, an ordinary differential equation may admit no, one or multiple solutions for the same initial condition.
Thus, we can not get deformation results for Fréchet spaces in general. However, we can still use the introduced conditions along with Ekeland's variational principle to locate critical points. We then apply them and the works of Ekeland [2] and Qui [9] to state some standard results dealing with the existence of minima.
Prerequisites
We use the following notion of C k -maps in Michal-Bastiani sense. We shall work in the category of manifolds of class at least C 1 .
Definition 2.1. Let E and F be Fréchet spaces, U Ď E open and f : U Ñ F a continuous map. The derivative of f at x P U in the direction of h P E is defined as d f pxqphq -lim tÑ0 1 t pf px`htq´f pxqq whenever the limit exits. The map f is called differentiable at x if d f pxqphq exists for all h P E. It is called a C 1 -map if it is differentiable at all points of U and
exist for all integers j ő k, x P U and h 1 ,¨¨¨, h j P E, and all maps
are continuous. We say that f is smooth or C 8 if it is C k for all k P N.
Within this framework most of the notions of the theory of infinite dimensional manifolds are sufficiently well behaved for our purposes. In particular, Fréchet manifolds, Fréchet tangent bundles and C k -maps between Fréchet manifolds are defined in obvious way (cf. [3] ).
However, for a Fréchet manifold M modelled on a Fréchet space F we can define the set-
where pT m Mq 1 is the dual of a tangent space T m M. As a set, it carries a natural structure of a vector bundle over M, but in general there is no vector topology on F 1 , the dual of F , that can lead to the identification [7, Remark I.3.9] . Thus instead, we use the notion of a B-cotangent bundle [10] . In this definition to put a manifold structure on T 1 M, the dual of F is equipped by a B-topology, where B is a bornology on F . To be precise, we recall that a family B of bounded subsets of F that covers F is called a bornology on F if it is directed upwards by inclusion and if for every B P B and r P R there is a C P B such that r¨B Ă C.
Let E be a Fréchet space, B a bornology on E and L B pE, F q the space of all linear continuous maps from E to F . The B-topology on L B pE, F q is a Hausdorff locally convex topology defined by all seminorms obtained as follows: If B contains all compact sets, then the B-topology on the space L B pE, Rq " E 1 B of all continuous linear functional on E, the dual of E, is the topology of compact convergence.
For this and further details on bornologies we refer to [4] .
Under the above condition on B, we define the differentiability of class
if its partial derivatives exist and the induced map d f : U Ñ L B pE, F q is continuous. Similarly we can define maps of class 
If B is chosen such that T pBq Ă B for all continuous linear endomorphisms T of F , then 
The Palais-Smale condition
A Finsler structure for a Fréchet manifold M in the sense of Palais was defined in [1] . We now define a Finsler structure on its B-cotangent bundle.
Henceforth, we always assume that a bornology B on a Fréchet space F contains all compact sets and we always chose B such that T pBq Ă B for all continuous linear endomorphisms T of F whenever we define the B-cotangent bundle of a manifold M modelled on F . 
for all x P U, n P N, v P F .
If t ¨ n u nPN is a Finsler structure on T M then eventually we can obtain a graded Let M be a connected Fréchet-Finsler manifold endowed with a graded Finsler structure p ¨ n q nPN . For all n P N, define d n px, yq " inf γ L n pγq, where infimum is taken over all C 1 -curve γ : ra, bs Ñ M such that γpaq " x, γpbq " y and
Therefore, we obtain an increasing sequence of pseudometric pd n px, yqq nPN . Define
This is a metric, called the Finsler metric, consistent with the original topology of M ([1]).
In the sequel, we say that M is complete if M is complete with respect to this metric. We say that ρ is locally compatible if for each p P M there exist a chart pp P U, ϕq and constants α, β such that for all n P N and x, y P U αρpx, yq ő p n pϕpxq´ϕpyqq ő βρpx, yq, where tp n u nPN is a family of seminorms defining the topology of F . (i) We say that f satisfies the Palais-Smale condition, pPSq in short, if for all n P N each sequence px i q Ă M such that f px i q is bounded and d f px i q n Ñ 0, has a convergent subsequence. (ii) We say that f satisfies the Palais-Smale condition at level c P R, pPSq c in short, if for all n P N each sequence px i q Ă M such that f px i q Ñ c and d f px i q n Ñ 0, has a convergent subsequence.
Let f be a C 1 -functional on a Fréchet space (or a Fréchet-Finsler manifold). As usual, a point p in the domain of f is said to be a critical point of f if d f ppq " 0, the corresponding value c " f ppq will be called a critical value. We use the following standard notation:
Existence of minima
Consider the following particular version of Ekeland's variational principle (cf. [2] ).
Theorem 4.1. Let pX, σq be a complete metric space. Let a functional f : X Ñ p´8, 8s be semi-continuous, bounded from below and not identical to`8. Let a ą 1, b ą 0 and x P X be given such that f pxq ő inf X f`a. Then there exists x a P M such that
When X is a complete Fréchet-Finsler manifold and f is of class C 1 , we have the following: and each m P M such that f pmq ő inf M f`θ 2 , there exist m θ P M and a constant ε θ such that
Proof. Given θ ą 1, apply Theorem 4.1 with b " 1 θ to find m θ P M such that (1) and (2) hold and
Since ρ is locally compatible there exist a chart ϕ : U Ñ F with m θ P U (F is the local model of M) and constants α, β such that for all n P N and x, y P U αρpx, yq ő p n pϕpxq´ϕpyqq ő βρpx, yq,
where tp n u nPN is a family of seminorms defining the topology of F . Let h P ϕpUq and t ą 0 be such that ϕ´1pϕpm a q`thq P U. Therefore, by (4.1) f pϕ´1pϕpm θ´f pϕ´1pϕpm θ q`thqq ă θρpm θ , ϕ´1pϕpm θ q`thqq.
Hence, for all n P N f pϕ´1pϕpm θ´f pϕ´1pϕpm θ q`thqq ă θ α p n pϕpm θ q´pϕpm θ q`thqq "
Define a C 1 -curve γ : r0, t 0 s Ñ M by γptq " ϕ´1pϕpm θ q`thq such that γpr0, t 0 sq Ă U and let ε θ " θ 2 α β. By dividing both side in (4.3) by t and letting t Ñ 0, we obtain
Changing h with´h gives d f pm θ qphq ő ε θ , thereby for all n P N d f pm θ q n ő sup Proof. According to Theorem 4.2, if for each i P N we let θ 2 " 1 i , then there exists
Therefore, f px i q Ñ c and d f px i q n Ñ 0 for all n P N. Since f satisfies pPSq c it follows that there exists a convergent subsequence
The similar results can be obtained in the case of Fréchet spaces by means of the following Ekeland's variational principle for Fréchet spaces. be semi-continuous, bounded from below and not identical to`8. Let η ą 0 and x 0 P F be given such that f px 0 q ő inf F f`η, and let pλ n q nPN be a sequence of positive real numbers.
Then for any i P N, there exists z P F such that
(1) λ j p j pz´x 0 q ő f px 0 q´f pzq for j " 1,¨¨¨, i;
or equivalently, sup n λ n p n px´zq`f pxq ą f pzq for any x P F, x ‰ z. F Ñ R be bounded from below. Then, for each ε ą 0, i P N, x P F such that f pxq ő inf F f`ε, there exists z P F such that
(1) p j pz´x 0 q ő f px 0 q´f pzq ? ε for j " 1,¨¨¨, i;
(2) p j pz´x 0 q ă ? ε for j " 1,¨¨¨, i; (3) P n B pd f pzqq ő ? ε, @n P N, B P B.
Proof. Given ε ą 0 and i P N, apply Theorem 4.3 with λ j " ? ε for all j P N and η " ε to find m P N and z P F such that (1) and (2) hold and f pxq ą f pzq´?εp m px´zq, @x ‰ z P F.
(4.4)
By applying (4.4) to x " z`th with t ą 0 and h P F , we obtain f pz`thq´f pzq ą´?εp m phqt.
Dividing both side by t and letting t Ñ 0 yields d f pzqphq ą´?εp m phq for all h P F .
Changing h with´h gives d f pm θ qphq ő ? εp m phq for all h P F , which means for all n P N and B P B we have P Since f satisfies pPSq c it follows that there exists a convergent subsequence x i j Ñ x 0 . Hence, f px 0 q " c " inf M f and d f px 0 q " 0.
